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Abstract 

By photo-transmutation of leptons we mean photon-lepton reac- 
tions of the following type: 7/0- — > jlp with l a ^ lp, occurring as a 
consequence of the lepton mass matrix changing its orientation (ro- 
tating) under changing scales. In this paper, we first discuss these 
reactions in general terms, then proceed to the calculation of their 
cross sections in two specific schemes, one within the framework of the 
conventional Standard Model, the other being the so-called Dualized 
Standard Model we ourselves advocate. Although the cross section 
obtained is generally small the calculation reveals certain special cir- 
cumstances where these reactions may be accessible to experiment, 
for example with virtual photons in LEP for je — > jt, and in BEPC 
for 7e — > 7/x. 



1 Introduction 



By photo-transmutation of leptons, we mean the class of reactions: 

1 + L + (1.1) 

with l a and lp being two different charged lepton states, which can occur in 
consequence of the lepton mass matrix changing its orientation in generations 
space (rotates) with changing energy scales Jl[]. Such reactions, of course, do 
not occur when the lepton states e, //, or r are, and remain, eigenstates of 
the lepton mass matrix. But if the mass matrix rotates with changing scales, 
as is seen to be the case [[J in the Standard Model when there is nontrivial 
mixing between up- and down-states 0, |J , then at any scale other than that 
at which the leptons states are defined as eigenstates, the mass matrix will 
no longer be diagonal and transmutational reactions such as ( Jl.lj ) with a ^ (3 
can occur. This is a special case of a general class of fermion transmutation 
phenomena arising from rotating fermion mass matrices, for a more detailed 
discussion of which the reader is referred to our companion paper || . 

Given that in recent experiments on neutrino oscillations || || [7j, ap- 
preciable lepton mixing is indicated, it is already incumbent upon us, even 
when working within the present Standard Model framework, to investigate 
whether transmuational effects can be observed, although these are gener- 
ally expected to be small. Going beyond the Standard Model, however, 
especially in schemes aimed at explaining the generation puzzle such as the 
Dualized Standard Model that we ourselves advocate || ||, [TO], [U], 0, such 



an investigation becomes imperative, since there may then be other forces 
driving the rotation of the fermion mass matrix, leading to enhancements of 
transmutational effects beyond that given above by nontrivial mixing in the 
Standard Model. It would thus be important to check for the consistency of 
such schemes whether the transmutational effects they predict would remain 
within the present experimental bounds and, if they do, whether they may 
be accessible to experimental tests in the not too distant future. 

The photo-transmutation of leptons ( |1.1| ) is one of the simplest example 
we could find of transmutational effects to calculate, and also probably one 
of the most easily accessible to experimental scrutiny. We propose therefore 
to examine this in some detail below both for general interest and with the 
ulterior motive of testing our Dualized Standard Model. 

To leading order in perturbation theory, the cross section for the process 
1.1 ) is given by the Feynman diagrams in Figure p] which are formally the 



same as those for ordinary Compton scattering except that the lepton mass 
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matrix pertaining to the lepton lines in the diagrams, referring as it does to 
the energy scale y/s at which the experiment is performed, would in general 
be nondiagonal in the physical lepton states e, /i, and r as identified in the 
incoming and outgoing lepton beams. Because of this peculiarity, some care 
is needed in adapting the usual Feynman rules to this case. 




Figure 1: Compton-like diagrams for photo-transmutation of leptons 



2 Kinematics 

To measure the cross section of a transmutation process, say e.g. 7/1 — > je, 
one would send in a beam of muons and install downstream a detector for 
electrons. However, in the case that the lepton mass matrix rotates, as we 
have discussed in some detail in our companion paper |2| , both what we call 
a muon and what we call an electron have to be defined at some prescribed 
scales. Two prescriptions were considered, for details of which the reader 
is referred to that paper: (i) "fixed scale diagonalization" (FSD) where the 
state vectors for the leptons of all 3 generations are defined at the same 
chosen scale, and (ii) "step-by-step diagonalization" (SSD) where the state 
vectors for the 3 leptons are each defined at its own mass scale. The two 
prescriptions differ in that the mass matrix is diagonal in (i) only at the 
chosen scale but in (ii) whenever the scale equals any of the 3 lepton masses. 
In either case, however, since the mass matrix rotates, the state vectors thus 
defined have no reason to be eigenstates of the mass matrix at the scale of 
the scattering energy \fs at which the transmutation measurement is carried 
out. This means that from the point of view of the experiment, neither the 
incoming muon nor the outgoing electron has a definite mass. Instead, each 
will be a linear combination of the states with definite masses at the scale 
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of the scattering energy, namely the eigenstates of the mass matrix at that 
scale with the eigenvalues m ; . 

At the scattering scale, therefore, let us write the state vector of an "ex- 
ternal" (i.e. incoming or outgoing) state U a as: 

U a = S ai U tJ (2.1) 

where 

/ u, \ / o \ / \ 

Vi = I I ; U 2 = I «2 I ; U 3 = I I , (2.2) 

with S a i being the rotation matrix relating the external state a to the "in- 
ternal states" i. Each Ui, being a state with a definite mass at the scale 
under consideration, can be assigned a definite 4-momentum pi satisfying the 
mass condition p\ = mf and be taken as a solution of the free Dirac equation: 

- m^Uiipi) = 0. (2.3) 

The state U a at the same scale, however, does not have a definite mass, and 
therefore cannot be assigned a definite 4-momentum, although, of course, 
it has a mass m a and a 4-momentum p at the scale where it is defined as 
an eigenstate. In trying to evaluate the Feynman diagrams (a) and (b) of 
Figure [TJ, the question then arises how the momenta Pi of the eigenstates 
Ui{pi) should be related first, to one another, and secondly, to the incoming 
(outgoing) momentum p {p') of the lepton states l a (Ip). 

To answer this question, we recall a more familiar but parallel situation 
in neutrino oscillations. A muon neutrino there, not being an eigenstate 
of the mass matrix, has also no definite 4-momentum, but can be expressed 
as a linear combination of the mass eigenstates z/j,z = 1,2,3, each of which 
can be assigned a definite 4-momentum pi. As to how these pi are related to 
one another and to the given momentum of the z/ M beam, the answer depends 
on the problem being investigated. In the case that the incoming beam is 
given a definite 3-momentum p say, then the 3-momenta p, by definition are 



all equal to p, but the energies E t = y pf + mf have to differ, and one has 
neutrino oscillations in time as the beam propagates. On the other hand, 
in the case that the incoming is given a definite energy, E say, which 
is more likely in most experimental situations, then the energies Ei are all 
equal to E, but the 3-momenta p^ differ, and one has neutrino oscillations 
in distance (i.e. the baseline). Hence, by analogy one sees that the answer 
to the question asked in the last paragraph will also depend on the problem 
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addressed. Since we have already specified that the diagrams (a) and (b) of 
Figure |I] are to be evaluated at the scale y/s, we have already ascribed to 
these diagrams a definite s, namely that: 



(p + kf = ( Pi + kf 



(2.4) 



common both to the incoming (outgoing) channels a ((3) and to all eigen- 
channels i, which means that in this case, in contrast to the above example 
in neutrino oscillations, neither the 3-momentum nor the energy, but only s 
will have a definite value. 

To evaluate the Feynman diagrams, we shall need the explicit relations 
between the different momenta pi. Given 4-momentum conservation: 



Pi + k = p'i + k', 
we note first that the 4-momentum transfer 

t = {k-k>Y = {p l -p> l Y 



(2.5) 



(2.6) 



is also the same for all i, since k and k', being the photon momenta, have 
nothing to do with the rotation of the fermion states. Expressing then P j as 
a linear combination of k, k' and pf 



Pj = ajk + bjk' + CjPi. 
and imposing the conditions (|2.4|) and: 



PI 



12 

Pi 



(2.7) 



(2.8) 



we obtain: 



\ 



is — m 



2)2 



St 



Cj {S 



III 



2\2 



+ St' 



t 

Cj(s + t — mf) — (s + 1 — mh 



Similarly, expressing p'- as: 



Pi 



t 



a! 3 k' + b'jk + c' jP [, 



(2.9) 



(2.10) 
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we obtain: 

c'j = cf, b'j = bj; a'j = dj. (2-H) 

It is easy to check that the above relations between p,-'s and p'^s are both 
reflexive and transitive as they should be and that, in spite of appearance, 
are nonsingular at t = 0. 

Equivalently, the relations between the momenta derived in the preceding 
paragraph may be expressed in terms of scalar products as follows: 

(Pik) = l(s-mf), (2.12) 



(pik>) = ~(s + t-m*), (2.13) 
(piPj) = -\/[( s — m f)(s + t — mf) + mft][(s — mf(s + t — mf + rrtjt] 



--[(s - m*)(s + t - m)) + (s - m))(s + t - mf)], (2.14) 

(PiP'j) = j\fl( s - m i)( s + t- mf) + mft][(s - mf)(s + t - mf) + mjt] 

~[(s + t-m 2 i ){s + t- mf + {s- mf{s - m?)], (2.15) 

together with some similar relations for p' i} which may be convenient for 
invariant calculations in the future. 

However, for reasons which will be made clear later, we shall in this paper 
be working in a specific Lorentz frame, namely the cm frame of one chosen 
channel, say i, i.e. in the frame where the 3-momenta: 

Pi + k = p' i + k / = 0. (2.16) 

This does not correspond in general to the cm frame for another internal 
channel, say j, given the way that the internal momenta pi and pj are related. 
Labelling in the chosen i cm frame the angles and 3-momenta for the various 
particles as in Figure 0, we can write their momenta as: 

k = ((jJi,0,G,Ui), 

k' = (uji, 0,£^iSin^, a>jCos6^)j 

Pi = (Ei,0,Q,-Ui), 

p'i = {Ei,0, -UiSiaO'i, -Ui cos 

Pj = (Ej,0, —Uj sin 9j , — Uj cos 9j ) , 

pj- = (^O.-Wj-mn^-Wj-cos^), (2.17) 
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k' 

Figure 2: The 3-momenta of the various particles in the i cm frame 



with 



Ei 



s + mf 
2^~s 
s — mf 



cos 9'i 



2st 



(s - mj) 



2\2' 



(2.18) 
(2.19) 
(2.20) 



Hence, from ( |2.7| ), ( [2.10D , ( |2.9| ), and (|2.11| ), one easily obtains in terms of the 
invariants s and t: 



Ej 2^it 1 
with 

and 



[2^{(s - m 2 ) 2 + st}{(s - m 2 ) 2 + st} - (s - m 2 ){2(s - m*)+t}}, 

(2.21) 

(2.22) 



uja = \ E'i — m? 



.r 



1 1 



sin#, — =— = „ | | [(g — m 2 )y / (s — m 2 ) 2 + st — (s — m 2 )^/(s — m 2 ) 2 + st], 

(2.23) 



1 1 



sin// — [(s-m 2 )y / (s - m 2 ) 2 + st-(s-m 2 j+t)^ \s - m 2 ) 2 + st], 

(2.24) 



-y/s -y/^ t 20i>iOL>j 
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with 

Q\ = e 3 +Q'y (2.25) 

Again, in spite of appearance, these formulae are all nonsingular at t = 0. 
They will be useful later for the calculation of the cross section. 



3 The Invariant Amplitude 



The amplitude to leading order for the transmutation process (|1 . 1| ) is then 
by ( [2.1D given as: 

M = '£S* pi M i S ai , (3.1) 

i 

where we have made use of the fact that the lepton mass matrix, and hence 
also the scattering matrix, is diagonal in the (internal) states i. Each M.^ is 
a sum of two terms corresponding respectively to the two diagrams (a) and 
(b) of Figure 0: 

M i = M l t ) +Mf\ (3.2) 

with 



M\ a) = -ie*u(pW(k') ^^l +mi J (kH Pi ), (3.3) 

(Pi + ky - mf 



and 



M? = -ie 2 u(pm) yl + m J *(k>i(pi). (3.4) 

(Pi — k'Y — mf 

Notice that although the last two formulae are formally the same as in or- 
dinary Compton scattering, the quantities irti and pi which enter are both 
dependent on the energy scale y/s. 

Given the rotation S a i and the unusual kinemtics both of which depend 
rather intricately on the energy scale, a check on some basic properties of the 
amplitude is warranted. First, we wish to be assured that the amplitude ( |3.1| ) 
vanishes at all scales if we put either e{k) — > k or e(k') — > k' as required by 
gauge invariance. This is indeed true for on putting e(k) = k and using the 
equation of motion (|2.3|), one obtains for the contribution of the s-channel 



diagram (a) to M. as: 

— -ie 2 ]T S^uipMk'Hp^, (3.5) 

i 

but for the contribution of the w-channel diagram (b) as: 

M ® ie 2 S* pi u(pMk')u(Pi)S a i, (3.6) 
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Figure 3: Feynman diagram for the reaction e + e — > e + e e + e 

so that the two terms do indeed cancel as required at any scale. A similar 
conclusion obtains also when we put e(k') —* k' . 

Next, we wish to check that the amplitude M. has sensible pole structures. 



Consider first the s-channel poles which according to ( |3.3j ) can occur at (p$ + 
k) 2 = mf, or equivalently by ( |2.4| ) at s — m 2 , when the denominator vanishes. 
For the actual reaction 7/j — > ^li with real photons, however, s = mf 
corresponds to the reaction threshold where the numerator in the amplitude 
also vanishes so that the pole is cancelled, corresponding to the fact that 
the Compton cross section is finite in the Thomson limit. But if the photon 
is taken off mass-shell, then the cancellation need not work and a pole can 
occur. Consider first the simpler situation at energies below the r mass 
where the mass matrix is only 2-dimensional, with the higher of its two 
eigenvalues, m 2 say, coinciding by definition with m M as */s — > fi. The 
amplitude 7*Z 2 — > l*h will thus develop a pole at s = m^, but the amplitude 
for the other internal channel 7*^3 — ► 7*^3, of course, will not have this 
pole. Consider now, however, the amplitudes for the processes 7*^ — > 7*/^ 
and 7*e — > 7*e with amplitudes as given by (|3.1|) . Their pole structure 
will differ depending on whether the lepton states are defined by the FSD 
or the SSD prescription. For the SSD prescription, the mass matrix is by 
construction diagonal at the scale of m M so that the pole at s = m 2 ^ will 
occur in the amplitude for 7*^ — > 7*^ but not in that for 7*e — > 7*e, 
which is as it should be. But for the FSD prescription where the mass 
matrix at the scale m M need not be diagonal, both these amplitudes will 
generally develop a pole at s = m 2 ^. This means that for a process such 
as e + e~ — > e + e~e + e~ as indicated in Figure |3|, the cross section will show 
a sharp resonance peak at s = m^. The physical meaning of this is clear, 
namely first a formation of a fi resonance from 7*e~ followed by its decay 
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into e~e + e~ . In other words, the apparent FSD anomaly here of the \x pole 
appearing in the "wrong" channel is the same as that pointed out in || 
of the occurrence of lepton flavour-violating // — > e~e + e~ decay. A similar 
conclusion applies to the pole at s — m\ occurring in 7*/i — > For SSD, 
the now 3x3 mass matrix is again by construction diagonal at s — m 2 ., so that 
this pole will not appear in any of the four processes 7*e(/i) — ► 7*e(/i). But 
for FSD, this is no longer guaranteed. We conclude, therefore, that with the 
SSD prescription for defining fermion states, which we ourselves prefer, the 
amplitude (|3.1|) has indeed throughout a reasonable s-channel pole structure. 
But for the FSD case, there is the probable difficulty of lepton poles showing 
up in wrong channels, unless the prescription is supplemented by conditions 
making certain rotation matrix elements vanish at the pole positions. One 
possibility would be to choose to diagonalize the mass matrix at a scale above 
all the lepton masses and to assume that the mass matrix stops rotating below 
the scale at which it is diagonalized, which we believe is what is often tacitly 
assumed in the literature. In what follows, we shall take for granted some 
such assumption has been made for the FSD case although we are unclear 
whether this is in fact justified. 

Next, we examine the w-channel pole structure. According to ( |3.1| ) and 
(|3.4|), the amplitude has poles at: 



Ul = ( Pl - k'f = m 2 , (3.7) 

where we note that, s and t being constrained to be the same for all i, 

Ui = 2m 2 - s - t (3.8) 

will generally have different values for different i. Given that in channel i, 
the minimun value of t in the physical range is: 

tmin i = -{s- m 2 ) 2 / s, (3.9) 

the maximum value of it, in the physical range of the % channel is: 

u imax = m\js, (3.10) 



so that for vm ^ the pole in ( |3.7| ) lies always outside the physical region 
as it should. For = 0, which is a case we shall frequently encounter when 
calculating later transmutation in the Dualized Standard Model scheme, the 
pole lies at = 0, right at the edge of the physical range of Ui in the i 
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channel. However, this value of itj is not accessible within the physical range 
of the actual transmutation process for which the minimum value of t is: 

tmin = -(s-m%)(s-m 2 p)/s, (3.11) 

giving, for m ; = 0: 

Uimax = -ml-ml + m 2 a m 2 p/s, (3.12) 

which is necessarily negative and therefore a finite distance from the pole. 
We conclude therefore that the amplitude (|3.1|) will also not be troubled by 
w-channel poles getting into the physical region whether with the FSD or 
with the SSD prescription. 

We note, of course, that at energy scales different from the actual lepton 
masses, the poles in the amplitude would have shifted to noncanonical posi- 
tions by virtue of the running mass eigenvalues. But this would mean only 
slightly different energy dependences of the cross sections from conventional 
QED which would not be easily detectable. Nor is this a new phenomenon 
special to the rotating mass matrix but one common to all theories with 
running masses, and need not therefore be further scrutinized at present. 

Having then passed these tests, the amplitude ( |3.1| ) will now be used to 
calculate cross sections for transmutational processes. 

4 Amplitudes with Definite Spins and Polar- 
izations 

At the first instance we shall investigate the differential spin- and polarization- 
summed cross section for the transmutational processes in (|1 . 1| ) . Very ele- 
gant invariant methods reducing the spin and polarization sums to traces 
of 7 matrices have of course been developed for calculating these type of 
cross sections. However, these are not immediately applicable to the ampli- 
tude ( |3.1| ) here because in taking the absolute value squared of the amplitude 
there will be crossed terms involving factors such as Ui(pi)Uj(pj) the summing 
of which over spin does not give a simple projection operator into positive 
energy states as in the usual case. Still, of course, the invariant method can 
be adapted for application to the present rotated amplitude, which indeed 
has been tried, but this would introduce many more 7 matrices and make 
the calculation of their traces unwieldily complicated. 
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Mainly for this practical reason, we have chosen to calculate instead 
the spin- and polarization-summed cross section for fl3.1| ) by the pedestrian 
method using a specific Lorentz frame and representation of the 7 matrices, 
and then summing the contributions of the various spin and polarization am- 
plitudes. Though less elegant, this has the virtue of being physically more 
transparent and offers in the future, when conditions are ripe, the means for 
examining the cross sections for the different spin and polarization compo- 
nents. 

We choose to work in the cm frame of one of the channels i for which the 
kinematics have already been worked out in a previous section, and adopt 
for 7 matrices the Pauli-Dirac representation, namely: 



To 







-1 



7fc 




(4.1) 



where 0^ are the standard Pauli matrices. We quantize the spin of all the 
incoming leptons j along the direction pj and of all the outgoing leptons 
j' along the direction p^, while the photon polarizations we quantize along 
respectively k and k'. This gives for the photon polarization vectors: 



(0 









-V2 




y/2 \ 



/ 



( 



V V2 





-y/2 





\ 






(4.2) 



and 



1 

V2 



/U*0 = ~m 



( 



zsin^ -(l + cos0Q 

V -(1 - cos0J) -isin^ 

/ 
J_ 

i sin 6 ■ 1 — cos Q[ 

\ 1 + cos Q\ —i sin 6[ 



-i sin Q\ 
— cos 6[ 







—i sin 6 [ 
-(1+cosC 





1 + cos0; \ 

i sin 6' i 



1 - cos 6[) 
% sin 6'i 








(4.3) 



and for the lepton wave functions with definite spins: 

( 

u + (pj) = 



2(E j + m j 



E 



3 + m 3 





V 
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1 



2(Ej + rrij 



( E j+ m j \ 


id 



\ 







(4.4) 



and: 



2J2(E j + m j 



2J2(E j + m j 



( (E j+mj )(l-e-^) \ 



e j 



V 



\ 



J 



( (Ej + mj )(l + e- i0 'i) \ 



(4.5) 



(4.6) 



rrij in the normalization of 



In these formulae, we follow the near standard convention, say for example 
in ||13| , apart from the removal of a factor 1/ 
u(p) which is more convenient for our case where rrij can be zero 

With the photon polarization vectors in (|4.2| ) and ( [4.3[ ) and the lepton 
wave functions in (O) and (|4.6|) , it is straightforward to calculate the var- 
ious spin and polarization amplitudes. We obtain the following, where su- 
perscripts denote the photon polarizations and subscripts the lepton spins, 
while right-hand indices correspond to incoming and left-hand indices out- 
going states. By parity, amplitudes are unchanged with the signs of all su- 
perscripts and subscripts reversed, and by angular momentum conservation, 
only two amplitudes are nonzero for the s-channel diagram (a). 



{M {a) ) + ~ 



(M 



++ 



(a)\-+ 



(M (b) ] 



++ 



—le 



2 (s - mf 
i 

-U' 1 1 



{u>i[Ej + rrij + 2(Jje 



-id, 



+ (Ej - rrij)e- 2 ^](l + e^) + 2iu* sin%(e^ - e"^)} 



{wtl-Ej - rrij + {Ej - m j )e- 2i ^]{l - e***) 



2 (s - mf 



+ 2iaj]sm9 j (e^ -e-^)}; 
-e 2 (l-e i9 'i) 



x 



4 (uj — mf 

{2uje j [ujj sin 9j (1 — cos 6^) + uji sin 9[ + ujj cos 9j sin 9'^ 
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+ [(uj 2 — uJiEj + LO i rrij)e 2ldj + — UJiEj — ujirrij)] sin#-}; 



4 ( U j - m|) 

{[c<j 2 — UJiEj + ci^m^e -2 *^ — [uj 2 — UJiEj — uji-rrij]} sin Q\\ 



e 2 (1-e^) 

4 - mf ) 
-iff 



{2ujje % j [ujj sin + cos 6^') + sin 0\ — cjj cos ^ sin 
— [(u; 2 — UJiEj + ujimj)e~ 2%ei + — a^-Ey — u^m^-)] sin# 4 '} 

e 2 (1 + e^; 



4 — mj, 



{[a; 2 — cUjE'j + cjjmjje 2l j — [uj 2 — Ct^iy — c^m.,]} sin 6[ 



(M w ) ++ = ——j x 

v /++ 4 - m 2 j) 



+ [(cj 2 - UJiEj + cjjra^e 2 ^' + (uj 2 - uj { Ej - c^m^f! + cos6>-)}; 



X 



{— 2u^e i6,J [{ujj cos % + cjj) (1 + cos 6[) + ujj sin 0j sin 

+ [(UJ 2 - UJi 'l 

-ie 2 (l + e il 

4 (uj - m 2 ) 
{2<jjje~ %ei [(ujj cos Oj — uji) (1 — cos — sin sin 
- [(uj 2 - cjj£j + ujimj)e~ 2%63 + (u; 2 - UJiEj - Uirrij)]{\ - cos#-)}; 
-ie 2 (1 



e 



if' 



+ 4 (mj - mf) 



{[uj 2 — cUji?-,- + ujiiiij}e 2ld] — [uj 2 — UJiEj — u>iTnj]}(l — cosO'j); 



ie 2 (1- e^'i 



v ' + 4 (uj - m 2 j) 

{-[uj] - UJiEj + c^m^e" 2 ^' + [u; 2 - Wj^y - Wim 3 -]}(1 + cos#-). 

(4.7) 

For j = i, these amplitudes reduce to the amplitudes for ordinary Compton 
scattering, affording thus a check of the above expressions. 

With these formulae, given the rotation matrix S a i, one can then calculate 
by summing over j the amplitudes (|3.1|) of any transmutation process 7/^ — > 
7/3 for any spin and polarization combinations. 
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5 The Rotation Matrix 



Up to the present section, our formalism has been developed generally for 
any rotating mass matrix, without reference to a particular scheme for how 
the rotation is generated. However, as can be seen in (|3.1|) , ( [3. 3D and 03.4Q , 
the transmutation amplitude depends on the rotation matrix elements S a i 
and the mass eigenvalues mj, all of which are functions of the energy scale \fs 
and depend on the scheme or model from which the rotating mass matrix is 
derived, which has thus now to be specified. In our companion paper || , two 
explicit schemes at more or less opposite ends of a spectrum of possibilities 
were considered, which are also what we have chosen to investigate in detail 
in this paper. One is the so-called NSM scheme where the rotation of the 
fermion mass matrix is driven just by the nondiagonal lepton mixing or 
MNS matrix Q via the standard renormalization group equations (1.1) and 
(1.2) in p| of the (conventional) Standard Model. Lepton states are here 
defined by the FSD prescription. The other is the so-called DSM (Dualized 
Standard Model) scheme where the rotation of the mass matrix is driven 
by new generation-changing forces not normally considered in the Standard 
Model. In this latter scheme, even the mixing matrices of quarks and leptons 
are themselves consequences of the mass matrix rotation and even calculable, 
with the results so far obtained already giving a quite cogent explanation for 
the characteristic quark and lepton mixing patterns seen in experiment. (See 



e.g. jy| for a summary.) In this DSM scheme, specification of fermion states 



by the SSD prescription is essential. 

Since these two schemes have already been described in our companion 
paper || with further details given elsewhere in the literature, we shall note 
here only those points which are of particular relevance to the present cal- 
culation. Given that in the NSM scheme, the mass matrix rotation is driven 
by the nondiagonal mixing matrix, while in the DSM case, the nondiagonal 
mixing matrix itself results from the mass matrix rotation, it follows that the 
transmutation effects arising from the rotation will in general be stronger in 
the DSM than in the NSM scheme. (An exception is the pole effect in "wrong 
channels" for the NSM scheme, because of the FSD prescription adopted, as 
already explained in section 3.) And since, as we shall see, transmutation 
effects are usually quite small, although some can be near the present limit of 
experimental detectability, it is the DSM scheme which will be examined here 
in greater detail, being potentially of more immediate experimental interest. 

As explained in 0, with its 3 free parameters already fitted to the mass 
ratios m c /m t ,m^/m T and the Cabibbo angle |TT[, the DSM scheme gives a 
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parameter-free prediction for the rotating mass matrices as a function of the 
energy scale, which in the case of charged leptons is found in Figure 3 of 0. 
As a result, the mass eigenvalues m 8 as well as the rotation matrices S a i from 
the physical states a to the mass eigenstates i are also known at any scale. 
We have thus all the information needed to carry out the above calculation 
of transmutation cross sections. Although the accuracy and validity of these 
predictions are conditioned by the present limitations of the scheme and 
subject to possible amendments in the future when understanding improves, 
they will be sufficient for the exploratory purposes of this paper. For ease of 
reference^, the values of and S ai are given explicitly in Figure |[ 

For the NSM scheme with which we shall do no explicit detailed calcula- 
tion, we need only note that the mass eigenvalues mj, like the physical lepton 
masses, are hierarchical, meaning m\ ^> ni2 ^> m^, while the rotation matrix 
S a i, like the mass matrix itself, have non-diagonal elements which are zero 
at the fixed scale chosen for diagonalization and then increase approxmiately 
linearly with the logarithm of the energy scale. Their actual values can be 
calculated from eq. (4.2) of 0. 

The mass eigenvalues rrii enter in the diagonal amplitudes Mi, and the 
rotation matrix S a i in evaluating the transmutation amplitude with ( |3 . 1| ) 
where a sum over the eigenstates % has to be performed. In performing this 
sum, two points of detail are noteworthy. First, in the DSM case, the mass 
matrix at any scale being a factorizable matrix has always only one non- 
zero eigenvalue, say rrih which is mi for energies above the r threshold but 
m 2 below. The amplitudes M j above the r threshold for i = 2, 3 are thus 
identical. Hence, by the unitarity of S a i, the sum over i in (|3.1|) for the 
transmutation amplitude takes always the following simple form for a ^ (3: 

S^MiSpi = S ah Sp h [M h - M 3 ]. (5.1) 

i 

Therefore, if the difference Mh — M3 is small compared with the amplitudes 
themselves, which it often will be, then it is much better to use the latter 
formula than to do the sum over i directly, for the sum will involve large 
cancellations, requiring thus knowing S a i to a greater accuracy than is war- 
ranted by the DSM scheme in its present form. Also in the NSM scheme, 

1 We adopt here the convention of our earlier papers on the DSM in labelling the fcrmion 
eigenstates in order of their mass eigenvalues, i.e. with the heaviest labelled as 1, the second 
as 2, and the lightest as 3, which is more natural in this scheme. Unfortunately, this is the 
reverse of the the standard convention for labelling neutrinos adopted in |Q which follows 
the historical order of their discovery. 
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Figure 4: The rotation matrix S a i and the mass eigenvalue rri2 given as func- 
tions of the energy scale. By construction, the scheme has m\ = m T ,m2 = 
at any scale above the r mass, and m 3 = at any scale above the \i mass. 
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the same statement will apply so long as the fermion mass spectrum is hi- 
erarchical for in comparison to the heaviest generation, the two lighter ones 
will appear degenerate so that the last formula in ( |5.1| ) will be a very good 
approximation. 

Secondly, the last formula in ( p.l| ) also offers a link-up of our present 
calculation to the estimates made in our companion paper ||. To be specific, 
consider the s-channel diagram. The amplitudes M. h and differ only 
in the masses and 777.3 where m 3 ~ 0. Thus, if rrih is small compared 
with the energy y/s as is often the case, then the difference between the 
two amplitudes is of order rrih/^fs times the amplitude itself. Noting next 
that S a hSf3hm h = J2i SaiS^rrii = (a\m\/3), exactly in DSM because rrii = 
0, i ^ h, and approximately in NSM so long as the spectrum is hierarchical, 
we conclude that the transmutation amplitude is suppressed compared with 
that for diagonal processes by a factor (a\m\/3) / y/s, precisely as suggested 
in@. 

As we shall see, the formula ( |5.1|) gives also some useful relations between 
cross sections of different transmutation processes. 



6 Spin- and Polarization-Summed Cross Sec- 
tions 

In calculating the cross sections of the various transmutation processes in 



LIT ), we find it easiest to work in the cm frame of the channel with the 
lowest lepton mass eigenvalue 777,3, which in the DSM scheme is always zero. 
Hence in the chosen frame, only the amplitudes for the massive lepton chan- 
nel h are complicated, while those of the remaining channel(s) reduce just 
to the cm amplitudes of Compton scattering in the limit m e — > and take 
particularly simple forms. Applying then the formula ( |5.1|) to each of the 
amplitudes in (|4.7| ), summing over all 3 channels above the r-threshold but 
over only channels 2 and 3 below the r-threshold, we obtain the 8 trans- 
mutation amplitudes each with a definite combination of polarizations and 
spins. Taking next the absolute values squared of these amplitudes and sum- 
ming over all 8 spin and polarization combinations one obtains, for energies 
measured in GeV, the desired cross section as: 

da 1 u' 1 



dVL 16vr 2 u 4s 

spin pol 



\ M \ 2 x °- 3894 mb/sr- (6.1) 
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Given that all the variables appearing in ( |4.7| ) have already been expressed in 
terms of the invariants s and t in section 2, we can now evaluate the spin- and 
polarization-summed cross section as functions of s and t which, we recall, 
have the same meaning for all the internal channels i as well as for the actual 
transmutation process jl a — ► 7Z/3. 

Following this procedure, we have calculated explicitly the differential 
cross sections for the following 4 transmutation processes: je — ► 7//(t) 
and 7/1 — > 7e(r), ignoring for the moment r initiated processes since no 
r target or beam is likely to be available in the foreseeable future. Of the 
4 processes calculated, the cross sections of — ► 7/1 and 7/i — ► are 
almost identical for the same values of s and t, as can be easily understood. 
In all 4 cases, as in ordinary Compton scattering, the cross sections are 
dominated at most energies by the w-channel pole(s). However, we have 
found it more convenient to plot the cross sections not as functions of u but 
as functions of the variable s + 1 which is close to u but, in contrast to u, has 
a common meaning for all channels, both internal and external. Above the 
r threshold at \fs = 1.777 GeV all 4 processes occur, the calculated cross 
sections for which are as presented in the Figures |5], || and [7|. They are 
seen to have very similar behaviour. Indeed, the amplitudes for the different 
processes, according to ( |5.1| ), differ at the same values of s and t only by the 
factors S a iSpi, which depend only on the scale, i.e. \fs, but not on t. Hence, 
apart from small differences due to the kinematical factor in front in fl6.1| ), 
the plots in Figures |5|-|7| at the same s are nearly parallel for the different 
transmuatation processes, differing only by the factor S^i^ii- In particular, 
given that the rotation matrix elements shown in Figure f| are such that 
|<SVi| > |5/ t i| > \S e i\, it follows that the processes are ordered in size of cross 
sections as follows: 7/1 — > 7T > — > 7T > — > 7/1. Notice that, for 
ease of presentation, it is da/dQ rather than the more usual da/du that is 
plotted as a function of s + t ~ u in Figures ||-|7]. This means that, in spite 
of appearances, the cross section is actually decreasing rapidly as s — > 00. 
Notice further that in all the Figures [5]-[^, the cross section is given only down 
to s+t = 2m\ — m\/s for mi = m T which is the smallest value of s + t allowed 
within the physical region for the internal diagonal process 7/1 — > 7/1. 
Smaller values of s + t than these, down to s + t = m 2 a + m| — rrv^rrA/s are 
attained in the actual transmutation process 7/0, — > 7Z3 and for these values 
of s + t, the process 7/1 — > 7/1 can no longer occur so that the transmutation 
amplitude is now by ( |5.1| ) a sum over only the two remaining internal diagonal 
channels 2 and 3. The plots in the Figures of the transmutation cross 
sections should thus in principle be extended to smaller s+t with values given 
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by 2S^ 3 Sg 3 times the Compton cross section, thus showing a discontinuity at 
s + t = 2m 2 — m^/s. Such extensions are easily calculated but are awkward 
to present and therefore omitted in our figures. We are in fact uncertain 
whether the noted discontinuity at s + 1 = 2m 2 — m\ / s will in fact appear in 
the physical cross section or whether it will be smoothed out by other effects 
not yet considered. 

At energies yfs below the r mass, only the transmutations 7e — > ^fi 
and 7/i — ► 7e can occur with approximately equal cross sections. The 
result of our calculation for 7e — > 7/i is shown in Figure || Though still 
dominated by the w-channel pole, the cross section has here a more intricate 
behaviour than at the higher energies shown in Figure [7[ First, the mass 
matrix being by construction in SSD diagonal when the scale equals either 
the fj, or the r mass, the transmutation cross section is vanishing at both 
these energies. It thus shows first a rise from zero at the threshold yfs = m^ 
of the reaction to a maximum shortly above, and then falls to zero again 
at y/s = m T . Secondly, although the mass matrix here has again just one 
nonzero eigenvalue as for y/s above the r mass, this nonzero eigenvalue 
itself approaches zero as y/s — > m T . In fact, as can be seen in Figure f|, m 2 
remains rather small all the way until y/s approaches m M , where of course 
it equals m M by construction. Hence, in contrast to the high s situation 
in Figure |5|-|7|, the smallest value of s + 1, namely 2m\ — m^/s, within the 
physical region of the internal process 7/2 — > 7^2, is in this case usually 
smaller than the smallest value of s + 1, namely ml + m 2 ^ — m^m 2 ^/ s, within 
the physical region of the actual transmutation process 7e — ► 7/2 under 
consideration. For this reason, in Figure ^|, the cross section is given down 
to s + t = ml + m 2 ^ — rn^mi/s without showing any discontinuity in s + t, 
although, in principle, at energies where this limit can become smaller than 
s + 1 — 2m\ — m^/s, similar remarks to those given at the end of the last 
paragraph also apply. By numerically integrating the differential cross section 
given in Figure || one obtains approximately the total cross section for the 
process 7e — > 7/i shown in Figure || which shows an intriguing maximum 
at cm energy of about 180 MeV. 

Although the above calculation has been performed in detail only for the 
DSM scheme, from this the transmutation cross sections for the NSM, or 
indeed any other rotation, scheme can also readily be inferred. In general, 
of course, the mass matrix has no reason to have two zero eigenvalues as in 
the DSM case, but the mass eigenvalues must still be hierarchical, meaning 
that mi ^> 77i2 ^> 1713. In such a case, given that rri2 — m% is necessarily 
much smaller than m\ — mi or m\ — m%, we can neglect in the amplitudes 
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the difference Ai 2 — M-3 compared with the difference M.i — Ai 3 so that 
the expression in ( |5.1| ) remains approximately valid. Then at energies above 
the t mass, the mass mi being necessarily close to m r , the cross section 
will be approximately given just by re-scaling the cross section for DSM at 
the same value of s + 1 by a factor [Sa 1 S^i\ any /[Sl ll S'^i\DSM- For example, 
for the transmutation 7/2 — ► 7T in NSM from equation (4.2) of || one 
obtains S^iSVi ~ (^\m\r) /mi. At s/s = 17.8 GeV, say, one decade above 
the r mass when the mass matrix is diagonal, S^iSVi ~ 3 x 10~ 3 compared 
with ~ 5 x 1CT 2 for DSM as read from Figure |] here. Hence the differential 
cross section at this energy for NSM is just given by multiplying the curve 
at the same energy in Figure ^ of this paper by a factor ~ (0.06) 2 , i.e. 
some 2-3 orders smaller. At scales below the r mass, this simple criterion 
no longer works, but here in any case the NSM scheme has presumably to 
be modified in view of the apparent difficulty with the "pole in the wrong 
channel" mentioned above, so that one is yet in no position to calculate the 
transmutation cross section. 



7 Remarks 

Our first aim in this paper is to examine the possibility of, and if possible 
to develop the methodology for, calculating cross sections of transmutation 
processes when the fermion mass matrix rotates with changing scales, using 
photo-transmuation as a specific example. One ends up with a procedure 
which seems both to be internally consistent and to give reasonable answers, 
while offering a chance for generalization to other processes. The procedure 
was constructed following a certain line of logic, although one cannot pretend 
in any sense to have derived it from first princples. One can thus hope that it 
will serve at least as a working hypothesis for exploring the unfamiliar physics 
involved. Even with the method so developed, the calculation still depends on 
the physics mechanism driving the rotation of the mass matrix, and the result 
one obtains, of course, can at best be as good as the physics mechanism from 
which it is deduced. We have investigated two particular schemes labelled 
respectively as NSM and DSM. Although we are biased towards the second, 
this being the scheme we ourselves suggested and advocate, we are aware of 



some shortcomings |14| and its need for further refinement. The results in 
either scheme therefore have yet to be taken with caution. 

With these reservations in mind, let us proceed to analyse the results 
obtained. We have not as yet made a thorough study as regards their ac- 
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cessiblity to tests by experiment. Some general observations, however, are 
already possible. In looking for photo-transmutation effects, one need not 
restrict oneself to real photons but can make free use of the virtual photons 
available in e + e~ colliders.^]. However, the cross sections at energies above 
the r mass being in general rather small, namely at most in the low pico- 
barn or multi-femtobarn range shortly above the r threshold, and decreasing 
rapidly with increasing energy, it seems unlikely that they would have been 
observed without a conscious search for them. This is true for both the 
NSM and DSM schemes. To ascertain whether some of the effects would be 
observable in existing machines such as LEP or BEPC, some closer study 
would be necessary, which is underway. The cross section being much larger 
for transmutation of e into r than of e into fi, as can be seen in Figures [| 
and |7| for DSM, a search for r seems indicated. In the future, when \x storage 
rings become available then a search for the transmutation for \x into r looks 
even better because of the larger cross section, as seen in Figure | for DSM. 
The same remarks should hold also for NSM. 

To look for e to /i transmutation, it would be much more profitable to 
work at low energy below the r threshold at cm energy of around 200 MeV, 
where the cross section in DSM has a maximum, as can be seen in Figure |9|. 
At first sight, the predicted cross section being of the order of 100 picobarns, 
it seems surprising that the effect have not been seen already by experiment, 
but we have not yet succeeded in locating any relevant data on je collisions in 
that energy region. The reason seems to be that with electrons having a mass 
of only half an MeV, it will take 40 GeV photons impinging on a stationary 
electron target to make up a cm energy of 200 MeV, and real photon beams 
of such an energy are not readily available. One can hope to make up the 
desired energy also by shining laser light on to one of the two beams in a 
electron-positron collider, or else the back-scattered light from one beam on 
to the other, but none of the existing colliders we looked at seem to have just 
the right beam energies for this purpose, although it would not be difficult 
of course to achieve this energy for a purpose-built collider. Otherwise, one 
can utilize again the virtual photons available in e + e~ colliders, in which case 
low energy colliders like BEPC would seem to be more appropriate. 

As far as searching for transmutational effects is concerned, there is no 
reason of course to restrict to photo-transmutations. The same general con- 
siderations can be applied to other processes, e.g. to e + e~ collison itself 

2 We are grateful to John Guy for a reminder and subsequent discussion for this possi- 
bility. 
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giving transmutations like e + e~ — > e + /i~. The cross sections for these pro- 
cesses have not yet been calculated but from the experience gained in this 
paper, one can hope that the methodology developed here can be adapted 
to e + e~ collision with only moderate modifications. If so, then our result in 
Figure [5] for photo-transmutation suggests that there may also be a maxi- 
mum in the cross section for e + e~ — ► e + /i~ at cm energy of a few hundred 
MeV. 

In any case, there can be a wide field here for future experimental inves- 
tigation. 
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